The possibility of using in an electron-ion collider the so-called quasi-ordered ion beam deep cooled by electron cooling is considered. The properties of the ordered and quasi-ordered beams are described. The advantages of using the quasi-ordered beam are discussed.
Introduction
One of the most common methods for studying the structure of rare and exotic nuclei is electron-ion scattering. A long-discussed version of this method is its implementation in the collider mode. However, the use of the collider mode is limited by a low intensity of the beams of exotic nuclei (ions).
In this paper we consider the possibility of using the so-called quasi-ordered deep-cooled (by electron cooling) ion beam in an electron-ion collider. These experimentally discovered beams have their own fascinating history.
Shortly after observing the tremendous suppression of the Schottky noise at a decrease in the intensity of the deep cooled proton beam on the NAP-M storage ring [1] , V. Parkhomchuk formulated the idea of crystalline beams [2] . This aroused great interest among accelerator physicists, which was followed by experiments on several cooler storage rings constructed and commissioned in the beginning 1990s. Then, the physics of the beam "crystallization" effect in storage rings with electron cooling was thoroughly studied experimentally and analyzed theoretically.
In 1996, a qualitatively new behavior of the ion beam was discovered by M. Steck et al. on the ESR storage ring [3] The ion beam, with a decrease in its intensity up to certain value, suddenly undergoes an abrupt "jump downward" (!) in the values of its parameters -the ion momentum spread and the transverse dimensions (Fig. 1a) -and both parameters remain constant with further decrease of the intensity. This was the phase transition to the state of the crystalline beam. As was soon realized, such a crystal was a one-dimensional chain of ions. Therefore, such a beam was called "ordered".
In subsequent years, ordered beams were obtained for a wide variety of ions of a wide energy range, from carbon C 6+ to uranium U 92+ in storage rings ESR [4] , SIS-18 [5] (both GSI) and CRYRING (Stockholm university) [6] , S-LSR (Kyoto University) [7] (Fig. 1) . The "enigma" of the NAP-M experiment, where no phase transition was observed in the deep cooled proton beam, was solved in the end. At the third attempt, after the failures at COSY (FZ Juelich) and ESR, the phase transition of the proton beam in the S-LSR storage ring (Kyoto University) was obtained (Fig. 1c) [8] . By common opinion, the two previous failures were caused by the insufficient stability ("ripples") of the dipole magnetic field of the storage rings, which led to variation in the particle orbit length and limited stability of high voltage power supply of the electron cooler.
Soon after successful experiments on the ordered ion beam formation the first proposals of colliders with ordered ion beams appeared [10, 11] . However, luminosity of these colliders is substantially limited by the low intensity of the ordered ion beams. Several proposals on how to increase the intensity of ordered beams were made but not developed further. Nevertheless, all the properties of crystalline beams and, no less important, beams above the phase transition have not been used up to now. 
Characteristics of ordered ion beams below and above transition
In this paper we consider the feasibility of using such "quasi-ordered beams" in electron-ion collisions to study rare and exotic nuclei. This application is of interest for the projects ELISe (ELectron-Ion Scattering in a Storage ring) at FAIR [12] and DERICA (Dubna Electron Radioactive Ion Collider fAcility) at JINR [13] .
Summarizing the properties of the ion beams above and under phase transition in all five rings mentioned above (Table I ) one should note the following.
 The transition of the ion beam to the ordered state occurs under the action of electron cooling, when the distance between the particles is increased to a certain value s  stransition.
(1)
 The linear density dN/ds of the ions at transition is extremely high in the NAP-M and very low in the ESR rings, whereas it has practically equal values in three other rings. The first one and the last have the focusing structure with periodicity that meets the ordering condition [14] :
Here Qx, Qy are betatron tunes.  As the ion number in the beam Ni increases above the value at transition, the beam transverse size  and particle momentum spread grow as a cubic root of Nbeam (Fig. 1 ). This behavior of the beam parameters was found in experiments at the ESR [9] , CRYRING [6] , and S-LSR [8] . It results from the equilibrium of the particle intrabeam scattering above transition, which is inversely proportional to the square of the particle velocity, and the cooling force proportional to the velocity of the cooled particles, both in the particle rest frame. Correspondingly, the beam emittance varies with the beam ion number Nion as follows:
Here εtransition and Ntransition are the ion beam parameters at transition. The law (Ni) 1/3 continues at least up to Ni  10 7 (dN/ds  5•10 5 /m) for all three rings regardless of the large difference in the linear density of the beams in the ESR and two others. Further increase in the particle number is limited by the space charge effect [6, 9] .  As can be concluded from the results presented in Fig. 1c , the minimum value of the particle momentum spread (and transverse size as well) above transition slightly decreases with enhancement of the cooling electron beam current.  The experimental results [6, 9] also show that the linear density of a bunch of an ordered beam cannot exceed the density of a coasting beam, i.e., it is limited by the same condition (1). It means that bunching of ordered beams for increasing luminosity of a collider makes sense if the number of particles injected into collider is limited as well. This is the case, for instance, in the study of radioactive and/or rare isotopes.
Luminosity of electron-ion collider
Next we consider the features of an electron-ion (e-i) collider of extremely low intensity. The ion beam of the collider is proposed to be used in two modes -a coasting beam or a bunched beam.
Luminosity of the collider with a coasting ion beam and a bunched electron beam can be evaluated from the formula that differs from the well-known luminosity formula for a collider with both bunched beams (see details in Ref. [15] ). In the case of axially symmetric Gaussian beams it has the following form:
Here ne is the bunch number in the electron beam, Ni is ion number in the ion beam, Ci is the circumference of the ion ring, Ne is electron number in a bunch of the electron beam, fe is the electron revolution frequency, i and e are the emittances of the electron and ion beams. Parameter p ("relative magnetic rigidity parameter") is described by the following formula:
here , * are the minimum values of the beta-functions for electrons and ions, Zi is the ion charge number, pe and pi are the electron and ion momenta. Luminosity of an e-i collider with axially symmetric bunched electron and ion beams is calculated below according to the following formula [15] :
Here se, si are the longitudinal Gaussian sizes of the electron and ion bunches, ni is number of bunches in the bunched ion beam. An example of an e-i collider with two ion beam operation modes is given in Table II Minimum beta-function * , m 1.0 1.0 *) Ion ring circumference is chosen to meet the synchronization condition (8) 
in section 4
For calculation of the luminosity at the collision of a coasting ion beam with a bunched electron beam we assumed variation of the ion beam emittance according to (3) . In the bunched ion beam mode the beam emittance is found from the condition of the Lasslett tune shift constancy (see section 4).
The value of * is chosen to be 1 m for both ion and electron rings. It means the relative magnetic rigidity parameter (5) is equal to p = 1. This is possible if the magnetic focusing system of the rings is designed as proposed in the ELISe project [12] -the elements of the final focus of both rings at the interaction point are operated independently. Another way to provide independent focusing of both beams is so called "crab crossing" collision scheme (see [16, 17] ) where two beams collide at a large crossing angle without luminosity loss. In the case of a coasting ion and bunched electron colliding beams, the "crab crossing" bunch rotation is applied only to the latter. The results of the luminosity calculations are presented in Fig. 2 (Table II) ; the result is shown by the dotted curve. Fig. 2 . Dependence on the ion number of (a) the e-i collider luminosity (cm -2 •s -1 ) and (b) the transverse size  x (cm); solid curve -the coasting beam below and above transition, dashed curve -the bunched ion beam with variable emittance, dotted line -the bunched ion beam with a fixed emittance ε i = ε e = 50 nm.
As we see from Fig. 2a , the difference between all three versions is very small (factor 1.5-2) that has a simple explanation: the level of the luminosity for chosen parameter values is determined at Ni < 1•10 6 by the electron beam emittance (Fig. 2b, dotted curve) . It should be noted that the extremely small emittance of the bunched ion beam, calculated from the Laslett criterion, is hardly achievable in the experiment, since in the calculation the ion intrabeam scattering, which inevitably leads to an increase in the emittance, is not taken into account. However, this will not effect on the luminosity estimate (Fig. 2a, dashed curve) when the ion bunch emittance does not approach the value of the electron bunch emittance.
Collision synchronization and space charge effects
Collision of the bunched beams. After the collision of an ion bunch with an electron bunch the collision of the next ion (i) and electron (e) bunches occurs in vicinity of the interaction point (IP) after the shortest time
Here Ti and Te are the revolution periods of ions and electrons in their rings. During this time the next pair colliding i-e bunches reaches interaction point (IP). This equality gives us the synchronization condition:
A more general condition follows from a similar consideration: the equality
means that now the ion bunch n1 collides with the electron bunch n2, where n1,2 are the numbers of the bunches counted in the direction opposite to the bunch rotation. Condition (9) can be written as
In the case of the collision of two bunched beams, synchronization condition (10) is met at certain values of the colliding particles' energy (velocity v1, v2):
However, the parameters n1, n2 are integer. Therefore, minimum variation of the particle energy is allowed with a step of n = 1. Scanning with a smaller step requires special variation of the particle orbit in the ring. This is especially important for colliding beams of moderately relativistic particles, which occurs, for example, in electron-ion colliders dedicated to studies in nuclear physics [12, 13] .
Collisions of a bunched electron beam with a costing ion beam
The problem of synchronization does not exist at the collision of a coasting beam with a bunched one. In this case
because every electron bunch meets one or several ions of the coasting beam at the IP ( )~• .
Generally speaking, the colliding i-e beams can suffer from space charge effects. The most significant of them are incoherent transverse instabilities, which are described by the well-known formulas of the Laslett tune shift of particle betatron oscillations and beam-beam effect. As the estimates show (Table II) , the first, Laslett, effect is negligibly small for both ion and electron beams. It results in our case from the very low intensity of the ion beam (both modes) considered here and the very large value of the relativistic factor γ 3 (γ ~ 10 3 for electrons) in the denominator of the formula for the Laslett effect. However, the second, beam-beam, effect is rather large for ions interacting with a very intense electron bunch (ξie ~ 0.07). This value does not depend on the choice of the ion beam mode, coasting or bunched, because it is effect of single ion scattering in the electromagnetic field of the counterpropagating electron bunch. Therefore, if the synchronization condition for bunched beams (10) is met, this effect can have a resonant character for every bunch of the bunched ion beam and for "reference" ions of the coasting beam. The latter are the ions that "occupy" the same place in the coasting beam, as the resonant bunches in the bunched beam.
However, one can avoid such a resonance and diminish beam-beam effect for ions by choosing the parameter values -the ring circumferences and the energy -such that the reference particle collides with an electron bunch when completes a significant number of turns Nti after the previous collision. It can be achieved by violation of synchronization condition (10) . Slightly shifting the kinetic energy of the reference ion 0 by factor δεi one can shift its revolution frequency by :
Here 0 is the ion revolution frequency that meets the condition (10) corresponding to the ion energy ε0, the parameters βi and γi are the Lorenz factors of the reference ion, m is its mass, c is the speed of light. For superrelativistic electrons, varying their revolution frequency fe by changing the electron energy is certainly ineffective.
Let us consider a simplified case where the first collision of the reference ion with the electron bunch occurs at the collider interaction point (IP), where the bunch center is located at this moment.
During the time 0 = ( 0 ) −1 , the ion rotating in the ring with the frequency fi passes the azimuthal phase sector
To avoid a parasitic collision of the reference ion with the electron bunch, the phase shift δφi has to exceed the phase duration of the electron bunch at the IP in the ion ring
After Nti turns the ion returns at the IP if
To meet the same electron bunch there, the latter has to make Nte turns in its own ring
Taking into account the equality (7), we can write from (17)
We emphasize that both Nti and Nte are to be integer. This requirement is obviously met if Nti is a multiple of ne.
For the parameters of the electron-ion collider given as an example above (Table II) This ion frequency shift corresponds to the energy shift 
Conclusion
The main advantage of using quasi-ordered ion beams is the possibility of obtaining a luminosity sufficient for studying the properties of rare and exotic isotopes at a very low intensity of their beams.
The main critical parameter of such a beam is its linear density 
when the dependence of the beam emittance on the ion energy (3) can be maintained. Formulation of criterion (19) is based on the experimental data obtained on electron-cooled storage rings at nonrelativistic energies of ions to be cooled (Table I) . At relativistic energies the value ( ⁄ ) in (19) must be transformed into the system moving at an average velocity of the cooled ions.
Criterion (19) works for both coasting and bunched quasi-ordered ions beams. The use of the latter makes sense in the case of the extremely limited intensity of the ion beam:
However, bunching can destroy the ordering of the beam. This question needs a further study.
The possibility of detuning synchronization conditions (8, 10) when using a coasting ion beam is very important, because it reduces the resonant character of the beam-beam effect. No less important is also the possibility of the precise scanning of the ion energy while simultaneously maintaining the collider luminosity level.
